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Thermodynamic properties of β-HMX crystal are investigated using the quasi-harmonic approx-
imation and density functional theory within the local density approximation (LDA), generalized
gradient approximation (GGA), and GGA + empirical van der Waals (vdW) correction. It is found
that GGA well describes the thermal expansion coefficient and heat capacity but fails to produce
correct bulk modulus and equilibrium volume. The vdW correction improves the bulk modulus and
volume, but worsens the thermal expansion coefficient and heat capacity. In contrast, LDA describes
all thermodynamic properties with reasonable accuracy, and overall is a good exchange-correlation
functional for β-HMX molecular crystal. The results also demonstrate significant contributions of
phonons to the equation of state. The static calculation of equilibrium volume for β-HMX dif-
fers from the room-temperature value incorporating lattice vibrations by over 5%. Therefore, for
molecular crystals, it is essential to include phonon contributions when calculated equation of state
is compared with experimental data at ambient condition. © 2011 American Institute of Physics.
[doi:10.1063/1.3587135]

I. INTRODUCTION

The knowledge of thermodynamic properties of ener-
getic materials at high temperature and pressure is critical
to fundamental understanding of their explosion and other
processes.1–3 Due to the experimental challenge in measuring
these properties of energetic molecular crystals; however, our
knowledge about their properties at high pressure and temper-
ature is still very limited. It is thus highly desirable to establish
a reliable theoretical scheme4 to calculate the thermodynamic
properties of energetic molecular crystals.

Density functional theory (DFT) (Refs. 5 and 6) has
widely been applied to the study of condensed-phase ma-
terials because of its reasonable accuracy and high compu-
tational efficiency. In contrast to its success in electronic
structure of metals and covalently bonded semiconductors,
however, DFT calculations have not demonstrated a similar
success in predicting basic properties such as the lattice con-
stants and equilibrium volume of molecular crystals. For ex-
ample, DFT calculations with generalized gradient approxi-
mation (GGA) or local density approximation (LDA) for the
exchange-correlation functional usually overestimate or un-
derestimate the equilibrium volume of energetic materials by
more than 10%.7–12 The failure of DFT with GGA in molec-
ular crystals is often ascribed to its inadequacy in describing
the disperse interaction. As a result, there is great interest in
improving GGA calculations by incorporating van der Waals
(vdW) corrections.13–16

Although DFT calculations fail to predict the lattice con-
stants of energetic molecular crystals, they are able to describe
their vibrational properties reasonably well.7, 17–22 These
results suggest that DFT may be able to describe well
the thermodynamic properties of these energetic materials.

The predictive power of DFT calculations combined with the
quasi-harmonic approximation (QHA) for thermodynamic
properties has been proven widely for crystals with metal-
lic, covalent, or ionic bonds.23–25 However, it is still not
established how well the DFT + QHA approach predicts
the thermodynamic properties of energetic molecular crys-
tals. Since the equilibrium volume of molecular crystals de-
pends critically on the exchange-correlation functional, it is
of urgent importance to establish which exchange-correlation
functional between LDA or GGA is better for calculating the
thermodynamic properties of the energetic materials. It has
been shown that an empirical vdW correction works well in
predicting the volume of energetic molecular crystals. What
is then the effect of the empirical vdW correction on the ther-
modynamic properties of the energetic materials?

To answer these questions, here we investigate the ther-
modynamic properties of a representative energetic molec-
ular crystal, β-HMX (octahydro-1,3,5,7-tetranitro-1,3,5,7-
tetrazocine), with DFT combined with QHA. HMX is
an important energetic material used in many propellant
and explosive applications. HMX crystal exists in several
polymorphs, with β-HMX stable at ambient condition.26, 27

HMX crystals have been extensively investigated by a
variety of experimental methods28–51 and first-principles
calculations.8, 9, 19, 20, 22, 52–63 To our surprise, although LDA
and GGA calculations have predicted a totally different equi-
librium volume of β-HMX,9, 61 with difference of nearly 30%,
both LDA and GGA describe the thermal expansion coeffi-
cient and heat capacity quite well. Furthermore, LDA also
predicts the bulk modulus well. Although the empirical vdW
correction used here significantly improves the equilibrium
volume and bulk modulus estimated by GGA for β-HMX,
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it substantially deteriorates the estimates of other thermody-
namic properties such as thermal expansion and heat capacity.
In the following, we systematically compare the thermody-
namics properties of β-HMX calculated by the DFT + QHA
approach using LDA, GGA, and GGA with van der Waals
correction (GGA + vdW).

II. CALCULATION DETAILS

The calculations are performed using the Quantum
Espresso software for DFT calculations based on the plane-
wave basis and pseudopotentials.64 The plane-wave cutoff en-
ergy (Ecut) of 30 Ry is found sufficient to obtain the converged
results. Brillouin-zone summations over electronic states are
performed over 2 × 2 × 2 (2 points) k mesh with (1/2, 1/2,
1/2) shift from the origin. The Vanderbilt ultrasoft pseudopo-
tentials are generated for C, N, H, and O.65 For the exchange-
correlation functional, we use LDA (Refs. 66 and 67) and
GGA by Perdew, Burke, and Ernzerhof (PBE).68

vdW correction is included using an empirical method
proposed by Grimme.13, 69 The empirical dispersion correc-
tion for the energy is given by

Edisp = −s6

∑
i< j

Ci j

R6
i j

fdamp(Ri j ), (1)

where Ci j and Ri j denote the dispersion coefficient and
the interatomic distance between the ith and jth atoms, s6

is a global scaling factor that only depends on the den-
sity functional used. A damping function, fdamp(Ri j ) = 1/[1
+ e−a(Ri j /R0−1)], is introduced to ensure that the dispersion
correction is negligible for small Ri j . For the parameters in
Eq. (1) above, see Eq. (11) and Table I in Ref. 69, where the
parameters for most of the elements can be found.69 Struc-
tural optimizations, with and without vdW correction, are
achieved using the damped variable cell shape molecular dy-
namics method.70 For each fully optimized structure, dynami-
cal matrices are computed on 2 × 2 × 2 q (wave vector) mesh
based on the density functional perturbation theory (DFPT),23

which are modified by incorporating the vdW contribution,
if the structure has been optimized with the vdW correction.
The results are then interpolated in a regular 8 × 8 × 8 q mesh
to obtain the vibrational density of states.The Helmholtz free
energy in the quasi-harmonic approximation is given by

F(V, T ) = U0(V ) + 1

2

∑
q, j

¯� j (q, V )

+kBT
∑
q, j

ln

{
1 − exp

[−¯� j (q, V )

kBT

]}
, (2)

where q is a wave vector in the first Brillouin zone, j is an
index of phonon mode with frequency � j (q, V ), V and T
are the volume and temperature of the system, and kB and
¯ are the Boltzmann and Planck constants. The first, second,
and third terms in Eq. (2) are the static internal, zero-point,
and vibrational energy contributions, respectively. The cal-
culated Helmholtz free energy versus volume is fitted by the
third-order Birch-Murnaghan finite strain equation of states,71

which in turn is used to derive all thermodynamic properties.

III. RESULTS AND DISCUSSION

A. Lattice structure

β-HMX crystal has monoclinic structure with space
group P21/c, where each unit cell has two molecules as shown
in Fig. 1. This crystal has been investigated using DFT with
various exchange-correlation functional.9, 20, 52, 58, 72 The cal-
culated lattice parameters are listed in Table I along with ex-
perimental values. GGA calculation overestimates the equi-
librium volume by 17%, while LDA underestimates it by
11%. The lattice constants along the three crystal axes are
overestimated by GGA by a similar amount of about 5%,
while the underestimation of the lattice constants by LDA
is prominent along the b axis. Similar to what was reported
for another energetic molecular crystal, cyclotrimethylene
trinitramine (RDX), the empirical vdW correction proposed
by Grimme13, 69 works well in reducing the overestimation by
GGA in lattice parameters of β-HMX. Namely, the volume
difference from the experimental value reduces to less than
0.5% when the vdW correction is included.

Here, it should be noted that the lattice parameters of
β-HMX at 0 GPa deviates widely among various GGA cal-
culations. Our GGA calculation is consistent with a previous
GGA calculation by Bryd et al.,9 which shows similar over-
estimation of lattice parameters. In contrast, other GGA cal-
culations by Conroy et al.,72 and Zhu et al.20 exhibit a much
smaller overestimation in lattice parameters. In fact, the GGA
result by Zhu et al.20 is very close to the experimental value.
This divergence is likely due to a numerical convergence issue
among different ways of calculating the lattice parameters, as
shown below. In this work, we first obtain V0 (the volume at
zero pressure) based on the energy–volume (E–V) curve, and
then obtain the lattice parameters corresponding to V0 by in-
terpolation. Conroy et al.72 and Zhu et al.,20 on the other hand,
directly obtained lattice parameters by relaxing the structure
as well as the unit-cell shape at zero pressure. In princi-
ple, both approaches should give the same result, but actual

FIG. 1. Crystal structure of β-HMX. Carbon, nitrogen, oxygen, and hydro-
gen atoms are shown in black, blue, red, and green, respectively.
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TABLE I. The lattice parameters, unit cell volume V, and bulk modulus of β-HMX from calculation at 0 GPa and experiment at ambient condition. The
number in parenthesis shows the deviation from the experimental value.

a (Å) b (Å) c (Å) β (o) V (Å3/cell) Bulk modulus (GPa)

6.38 10.41 8.43 123.0 463.6 21.5 LDA static
(−2.5%) (−5.8%) (−3.1%) (−1.0%) (−10.7%)
6.48 10.59 8.57 123.5 486.7 14.4 LDA 300 Ka

(−0.9%) (−4.1%) (−1.6%) (−0.6%) (−6.2%)
6.90 11.65 9.15 124.5 608.1 4.60 GGA static
(5.5%) (5.4%) (5.1%) (0.2%) (17%)
7.07 11.93 9.34 124.6 653.6 1.8 GGA 300 Ka

(8.1%) (8.0%) (7.4%) (0.2%) (25.8%)
6.56 10.97 8.70 124.4 517.4 17.7 GGA + VDW static
(0.3%) (−0.7%) (0.0%) (0.1%) (−0.4%)
6.63 11.08 8.80 124.5 534.05 13.2 GGA + VDW 300 Ka

(1.4%) (0.3%) (1.1%) (0.2%) (2.8%)
6.54 11.05 8.70 124.3 519.4b,c 8.4d, 16.7e, 21f Experiment

9.9–12.5g

aThe lattice parameters at room temperature is obtained by using static lattice parameters at corresponding volume, which has been shown to be a good approximation (Ref. 83).
bReference 27.
cReference 81.
dReference 82.
eReference 50.
fReference 30.
gReference 49.

results using a finite energy cutoff can be significantly differ-
ent, especially for materials with a small bulk modulus such
as molecular crystals. For example, the lattice parameters re-
laxed at zero pressure with Ecut = 30 Ry in this study also
agree very well with the experimental data, with the volume
difference between calculation and experimental result less
than 2%. However, the equilibrium volume from E–V curve
is 17% larger than the experimental value (see GGA static
in Table I). Namely, the two different approaches produce a
volume difference of more than 10%. We have also observed
similar effects in other energetic molecular crystals: RDX,
pentaerythritol tetranitrate (PETN), and triaminotrinitroben-
zene (TATB).

We have identified the cause of the divergence between
the two lattice-parameter calculation methods: through E–V
curve fitting and direct unit-cell relaxation. Namely, the stress
calculation involved in the latter method requires much larger
Ecut than that required for convergent total-energy calculation
used in the former. Specifically, Ecut of 30 Ry in this calcula-
tion is sufficient to obtain the converged E–V curve, and in-
creasing Ecut from 30 to 50 Ry does not produce any notice-
able change in the estimated V0. On the other hand, the same
increase of Ecut significantly modifies the lattice parameters
relaxed at zero pressure.8, 9, 55 Note that the volume difference
due to stress error is given by �V/V = −�P/K, where K is the
bulk modulus. For crystals with the bulk modulus larger than
100 GPa, failure in converging the stress within ∼1 GPa does
not cause a serious problem, and the lattice parameters ob-
tained by the two ways are the same to within 1%. However,
the bulk modulus of an energetic molecular crystal is usu-
ally around 10 GPa, and stress error of ∼1 GPa causes a vol-
ume difference of about 10% in the lattice relaxation method.
Thus, it is preferred to use the E–V curve to obtain V0 for
molecular crystals.

It is remarkable that, despite the lack of convergence in
the lattice relaxation method using Ecut = 30 Ry, its zero-
pressure structure agrees well with experimental data, includ-
ing the lattice parameters, bond length, and bond angles. The
calculated vibrational properties are also consistence with ex-
perimental data. This is true not only for β-HMX but also
for RDX, PETN, and TATB. Therefore, these calculations
can still provide useful information in spite of their non-
convergent stress.20 This might be because the stress error
and inadequacy of the functional in describing vdW interac-
tion cancel each other out, as we will see in the subsequent
section.

B. Vibrational and thermodynamic properties

The vibrational properties of β-HMX at zero pressure are
listed in Tables II and III. The point group of β-HMX, C2h,
has four irreducible representations, Ag, Bg, Au, and Bu. Ag

and Bg modes have inversion symmetry and hence are Raman
active. Au and Bu change the sign under inversion and hence
are infrared active. Although the volume difference between
LDA and GGA is almost 30%, the corresponding frequency
difference is insignificant (smaller than 3%) for modes with
frequency >1000 cm−1. Both LDA and GGA results agree
well with the experimental data for these modes. However,
for low-frequency modes, the LDA frequency is far larger
than the GGA frequency, especially for modes with frequency
<300 cm−1. The experimental results are located between
LDA and GGA results. The difference between GGA and
GGA + vdW arises from two causes. One is the vdW effect
on the volume at 0 GPa, and the other is the vdW correc-
tion on force constants. These effects are negligible for the
high-frequency modes but are significant at low frequencies.
GGA + vdW results are more consistent with experimental
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TABLE II. Raman modes of β-HMX calculated at 0 GPa along with the experimental data at ambient condition. γ is the mode Grüneisen parameter [see
Eq. (3)] at gamma point, and γ is the average of the mode Grüneisen parameters in the first Brillouin zone [see Eq. (4)].

Calculation

LDA GGA GGA + VDW Experiment (cm−1)

ω (cm−1) γ γ ω (cm−1) γ γ ω (cm−1) γ γ Reference 84 Reference 85 Reference 46 Reference 86

2985 Bg 0.07 0.07 3056 0.01 0.01 3059 0.06 0.06 3037 3038 3042
2983 Ag 0.07 0.07 3055 0.01 0.01 3058 0.06 0.06 3042
2976 Bg 0.00 0.00 3044 0.02 0.02 3054 0.06 0.06 3033
2975 Ag 0.01 0.01 3043 0.02 0.02 3054 0.06 0.06 3028 3028 3032
2932 Bg 0.07 0.07 2996 0.01 0.01 2997 0.07 0.07 2992 2994 2998
2931 Ag 0.07 0.07 2995 0.01 0.01 2996 0.07 0.07 2998
2916 Bg 0.01 0.01 2984 0.03 0.02 2986 0.06 0.06
2916 Ag 0.01 0.01 2983 0.03 0.03 2986 0.06 0.06
1572 Bg 0.00 0.00 1543 − 0.01 − 0.01 1538 0.00 0.00 1571
1564 Ag − 0.01 − 0.01 1535 − 0.02 − 0.02 1529 0.00 0.00 1558 1560 1571
1531 Bg 0.01 0.03 1507 − 0.03 − 0.00 1500 0.01 0.02 1532 1535 1561
1522 Ag − 0.01 0.00 1502 − 0.02 − 0.02 1494 0.00 0.00 1538
1410 Bg 0.09 0.08 1422 0.01 0.01 1435 0.06 0.05 1460 1461
1392 Ag 0.06 0.07 1417 0.00 0.01 1430 0.04 0.05 1438 1438 1437
1377 Bg 0.02 0.05 1406 0.00 0.00 1404 0.03 0.03 1418 1420 1421 1418
1374 Ag 0.04 0.04 1406 0.00 0.00 1403 0.01 0.03 1421
1368 Ag 0.05 0.03 1383 0.00 0.00 1388 0.05 0.04 1368 1369 1369
1359 Bg 0.01 0.02 1382 0.00 0.01 1387 0.04 0.04
1345 Ag 0.02 0.05 1334 0.01 0.01 1344 0.06 0.06 1350 1351 1353 1354
1344 Bg 0.04 0.05 1334 0.01 0.01 1344 0.06 0.06 1353
1323 Bg 0.08 0.07 1311 0.01 0.01 1318 0.10 0.11 1318 1320
1318 Ag 0.05 0.05 1308 0.00 0.01 1314 0.09 0.10 1319
1302 Bg 0.10 0.09 1287 0.02 0.03 1299 0.08 0.09 1312 1310 1313
1299 Ag 0.03 0.05 1286 0.02 0.03 1299 0.09 0.09 1313
1292 Bg 0.07 0.05 1276 0.04 0.03 1286 0.11 0.09 1268 1270
1288 Ag 0.05 0.05 1270 0.02 0.03 1274 0.09 0.09
1267 Bg 0.05 0.05 1229 0.02 0.02 1235 0.08 0.09 1253
1254 Ag 0.08 0.06 1219 0.02 0.02 1223 0.09 0.08 1248 1251 1252
1229 Ag 0.07 0.08 1214 0.02 0.02 1220 0.08 0.08
1227 Bg 0.07 0.09 1210 0.02 0.02 1216 0.10 0.09
1214 Bg 0.05 0.05 1167 0.02 0.02 1173 0.12 0.12 1190 1192
1214 Ag 0.05 0.05 1166 0.02 0.02 1172 0.11 0.11
1157 Bg 0.07 0.07 1137 0.02 0.02 1140 0.11 0.10 1168 1170 1172 1171
1150 Ag 0.07 0.07 1134 0.02 0.02 1136 0.09 0.09 1171
1099 Bg 0.14 0.15 1044 0.06 0.07 1058 0.18 0.17 1090 1088
1087 Ag 0.14 0.13 1032 0.06 0.07 1044 0.17 0.17
946 Bg 0.12 0.10 920 0.08 0.06 938 0.14 0.12 974
944 Ag 0.11 0.09 920 0.06 0.06 935 0.10 0.13 965 966 972
939 Ag 0.11 0.12 910 0.09 0.07 924 0.17 0.16 955
937 Bg 0.07 0.10 906 0.08 0.07 918 0.17 0.16 950 953 955
892 Bg 0.11 0.12 854 0.04 0.04 864 0.14 0.13 885
888 Ag 0.12 0.12 852 0.04 0.04 861 0.15 0.13 881 884 885 885
851 Bg 0.14 0.15 809 0.04 0.04 817 0.15 0.15 838
851 Ag 0.15 0.15 808 0.04 0.04 816 0.15 0.15 834 834 837
756 Bg − 0.01 − 0.01 730 0.01 0.01 734 0.02 0.00 763 764
752 Ag − 0.02 − 0.00 728 0.01 0.01 731 0.01 0.00 759 762 763
744 Bg − 0.03 − 0.03 726 0.01 0.01 726 0.02 0.01
744 Ag − 0.03 − 0.03 726 0.01 0.01 726 0.02 0.00
712 Ag 0.02 0.02 697 0.00 0.01 696 0.06 0.05 721 721
711 Bg 0.02 0.02 697 0.00 0.01 696 0.05 0.05
662 Ag 0.14 0.13 629 0.05 0.06 638 0.13 0.13
660 Bg 0.12 0.13 628 0.05 0.06 638 0.13 0.13 662 663
646 Bg 0.15 0.15 609 0.08 0.07 624 0.22 0.20
642 Ag 0.14 0.15 608 0.07 0.07 622 0.21 0.20 638 640
603 Ag 0.22 0.18 571 0.06 0.06 580 0.23 0.17 600
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TABLE II. (Continued)

600 Bg 0.17 0.16 571 0.05 0.06 578 0.22 0.16 597 600 600
430 Bg 0.24 0.29 410 0.08 0.08 431 0.23 0.23 440
428 Ag 0.24 0.28 408 0.07 0.09 427 0.20 0.23 432 437 438
422 Ag 0.20 0.23 390 0.14 0.13 408 0.30 0.29 416
422 Bg 0.22 0.21 388 0.13 0.13 405 0.23 0.24 412 417 416
378 Bg 0.40 0.33 341 0.12 0.15 358 0.37 0.29 365 365
371 Ag 0.39 0.33 340 0.18 0.16 357 0.38 0.30 365
320 Bg 0.42 0.44 292 0.20 0.20 306 0.55 0.39
320 Ag 0.37 0.45 290 0.20 0.21 304 0.47 0.38
281 Ag 0.38 0.41 261 0.05 0.07 271 0.38 0.34 281
280 Bg 0.32 0.37 261 0.04 0.07 270 0.40 0.32
232 Bg 0.54 0.58 214 0.22 0.13 224 0.58 0.38 233 234
228 Ag 0.44 0.48 212 0.20 0.29 222 0.48 0.36 233 232
206 Ag 0.72 0.93 170 0.20 0.29 185 0.72 0.48 181
204 Bg 0.82 0.92 168 0.24 0.32 185 0.70 0.48 179
179 Bg 1.47 1.28 141 0.74 0.36 162 1.13 0.48 157
177 Ag 1.47 1.23 138 0.56 0.43 158 0.84 0.51 157
170 Ag 1.86 1.67 118 0.90 0.49 149 1.44 0.55 147
158 Bg 1.46 1.57 116 0.99 0.47 139 1.37 0.55 147
150 Ag 2.31 1.92 96 1.37 0.66 133 2.11 0.78 138
142 Bg 2.37 2.00 87 1.92 0.61 128 2.28 0.74 138
116 Bg 1.91 1.97 79 1.33 0.57 103 2.17 0.52 130
109 Ag 2.50 1.96 74 1.02 0.59 98 2.80 0.56 128
100 Bg 3.33 2.28 66 2.20 0.68 97 2.64 0.79 80
94 Ag 2.12 2.29 61 2.84 0.66 90 3.03 0.87 79
88 Bg 2.39 2.58 48 4.91 0.71 75 3.63 0.83 65
74 Ag 2.65 2.97 44 4.59 0.68 73 4.16 0.77 65
71 Bg 2.18 2.81 35 13.54 0.72 53 4.99 0.90 36
46 Ag 0.74 2.59 17 9.36 1.01 36 9.98 0.93 36

data than GGA results. Raman experiment46 indicates that fre-
quency split between Ag and Bg modes is less than 1 cm−1

for all the modes measured. Our calculated results show sim-
ilar insignificant split for most of modes. But for some low-
frequency modes, the split is larger than 5 cm−1.

The mode Grüneisen parameter, γi,q , describes how the
phonon frequency depends on the volume, is critical to com-
putation of the thermodynamic properties. It is defined as

γi,q = −∂ ln ωi,q

∂ ln V
, (3)

where i is the mode index and q is the wave vector in the re-
ciprocal space. (Note that there is no thermal expansion within
the harmonic approximation, becauseγi,q = 0.) γi in Tables II
and III are for q = 0 (gamma point), where γi evidently de-
pends on the mode frequency. For high-frequency modes, γi

is close to 0 because the length of strong molecular bonds in
the molecular crystal is not sensitive to the volume change.
On the contrary, low-frequency modes usually have a γi far
larger than 1. Tables II and III also list the integration of γi

over the first Brillouin zone:

γi =
∫

γi,qdq∫
dq

. (4)

High-frequency modes in some way are like Einstein
modes, and their γi and γi are the same since their frequencies
are almost independent of wave vector q. For low-frequency
modes, LDA and GGA calculations exhibit vastly different

behaviors. γi and γi are not much different with LDA, which
means that the gamma point (q = 0) value γi is a good repre-
sentation of the integration of γi,q over the first Brillouin zone.
In contrast, in GGA calculations, γi is only about 1/4–1/2 γi .
Therefore, thermodynamic properties derived from GGA cal-
culations using only the gamma point are not converged. vdW
correction only slightly increases γi , and does not change the
major feature that γi is far smaller than γi .

Thermal expansion coefficient (α) of β-HMX at 0 GPa
is shown in Fig. 2. In both LDA and GGA calculations, α

FIG. 2. Volumetric thermal expansion coefficient (α) of β-HMX at 0 GPa
calculated using LDA, GGA, and GGA + vdW. The experimental data at
ambient pressure are from Ref. 47 (lines with solid circles) and Ref. 30 (line
with open squares).
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TABLE III. Infrared modes of β-HMX calculated at 0 GPa along with the experimental data at ambient condition. γ is mode Grüneisen parameter [see
Eq. (3)] at gamma point, and γ is the average of the mode Grüneisen parameters in the first Brillouin zone [see Eq. (4)].

Calculation

LDA GGA GGA+VDW Experiment (cm−1)

ω (cm−1) γ γ ω (cm−1) γ γ ω (cm−1) γ γ Reference 87 Reference 84 Reference 85 Reference 35

2982 Au 0.07 0.07 3056 0.01 0.01 3058 0.05 0.05 3037 3037
2982 Bu 0.07 0.07 3056 0.01 0.01 3058 0.05 0.05 3027 3027
2976 Au 0.01 0.01 3043 0.02 0.02 3054 0.06 0.06
2975 Bu 0.00 0.01 3043 0.02 0.02 3054 0.06 0.06
2932 Bu 0.07 0.07 2996 0.01 0.01 2996 0.07 0.07 2992 2983
2930 Au 0.07 0.07 2995 0.01 0.01 2995 0.07 0.07
2915 Bu 0.01 0.01 2984 0.03 0.03 2986 0.06 0.06 2985 2978
2915 Au 0.01 0.01 2983 0.03 0.03 2986 0.06 0.06
1574 Au 0.00 − 0.00 1545 − 0.00 − 0.01 1556 0.02 0.01 1563 1570 1565
1562 Bu − 0.01 − 0.01 1535 − 0.01 − 0.02 1539 0.01 0.01
1541 Bu 0.04 0.03 1509 − 0.00 − 0.00 1511 0.03 0.02 1534 1540 1538
1530 Au 0.03 0.00 1499 − 0.00 − 0.02 1498 0.03 0.01
1412 Au 0.08 0.08 1430 0.02 0.01 1444 0.07 0.06 1462 1465 1463
1397 Bu 0.07 0.07 1426 0.01 0.01 1439 0.06 0.06
1382 Bu 0.05 0.06 1401 0.00 0.00 1401 0.03 0.03 1433 1433 1434
1382 Au 0.04 0.05 1401 − 0.00 0.00 1395 0.00 0.02
1356 Bu 0.05 0.05 1369 0.01 0.01 1380 0.05 0.04 1395 1397 1401
1349 Au 0.05 0.05 1368 0.00 0.01 1376 0.03 0.04 1385 1395
1341 Au 0.04 0.02 1356 0.02 0.01 1366 0.07 0.06
1340 Bu 0.01 0.01 1355 0.01 0.01 1364 0.06 0.06 1349 1348 1348
1324 Bu 0.07 0.07 1313 0.01 0.01 1317 0.10 0.10 1325 1320 1325
1312 Au 0.04 0.04 1311 0.01 0.01 1314 0.10 0.10
1304 Au 0.11 0.09 1294 0.01 0.01 1306 0.07 0.08
1300 Bu 0.05 0.07 1293 0.01 0.02 1306 0.07 0.08 1296 1298
1298 Au 0.05 0.06 1253 0.02 0.03 1262 0.10 0.09 1279 1280 1281
1280 Bu 0.04 0.05 1244 0.03 0.02 1261 0.10 0.09
1274 Au 0.08 0.06 1228 0.02 0.03 1239 0.09 0.09
1273 Bu 0.08 0.06 1227 0.03 0.02 1234 0.10 0.08 1239 1240
1224 Bu 0.10 0.07 1208 0.03 0.02 1213 0.09 0.08
1218 Au 0.06 0.06 1206 0.02 0.02 1210 0.09 0.08
1211 Bu 0.04 0.04 1180 0.01 0.01 1187 0.09 0.09 1204 1205 1203
1210 Au 0.04 0.04 1178 0.01 0.01 1182 0.10 0.09
1134 Au 0.09 0.10 1104 0.04 0.04 1112 0.13 0.13 1146 1146 1145
1130 Bu 0.10 0.10 1104 0.05 0.04 1111 0.14 0.13
1092 Au 0.14 0.14 1043 0.07 0.06 1056 0.14 0.15 1088 1090 1089
1090 Bu 0.13 0.13 1042 0.06 0.06 1055 0.15 0.16
947 Bu 0.08 0.09 917 0.06 0.06 945 0.14 0.13 967 965 966
945 Au 0.12 0.09 914 0.07 0.07 930 0.14 0.13
930 Bu 0.14 0.11 899 0.08 0.08 912 0.19 0.19 947 945 948
928 Au 0.09 0.10 899 0.08 0.09 912 0.19 0.19
880 Au 0.10 0.10 845 0.03 0.03 852 0.13 0.11 872 871 872
879 Bu 0.10 0.10 844 0.03 0.04 852 0.13 0.11
842 Au 0.15 0.13 806 0.02 0.03 810 0.14 0.13 832 827 833
839 Bu 0.13 0.13 805 0.02 0.03 809 0.14 0.13
765 Bu 0.02 0.04 747 0.01 0.02 749 0.04 0.04 772 769 773
764 Au 0.04 0.04 745 0.01 0.02 746 0.05 0.05 760 758 762
752 Au − 0.00 − 0.01 729 0.01 0.01 731 0.01 0.00
750 Bu − 0.00 − 0.00 728 0.01 0.01 729 0.01 0.00 754 752 755
743 Bu − 0.03 − 0.03 724 0.01 0.01 724 0.02 0.01
743 Au − 0.03 − 0.03 723 0.01 0.01 724 0.02 0.01
657 Au 0.14 0.14 627 0.06 0.06 642 0.21 0.19 660 658
654 Bu 0.12 0.13 626 0.05 0.06 640 0.17 0.18
628 Bu 0.12 0.12 601 0.05 0.05 610 0.17 0.14
627 Au 0.11 0.12 601 0.05 0.05 607 0.14 0.14 627 630
606 Bu 0.16 0.16 575 0.05 0.05 583 0.22 0.18
605 Au 0.17 0.17 573 0.05 0.06 581 0.21 0.18 600 605
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TABLE III. (Continued)

445 Bu 0.30 0.32 412 0.12 0.11 434 0.33 0.28
440 Au 0.32 0.31 410 0.12 0.10 433 0.33 0.27 438 441
428 Au 0.25 0.25 397 0.10 0.11 409 0.32 0.30
425 Bu 0.25 0.25 396 0.11 0.12 408 0.30 0.27 419 420
387 Bu 0.18 0.19 367 0.06 0.07 375 0.28 0.21 380
385 Au 0.07 0.20 366 0.06 0.08 372 0.25 0.21
355 Au 0.29 0.26 335 0.10 0.12 348 0.26 0.20 355
355 Bu 0.23 0.24 334 0.10 0.11 346 0.20 0.18
251 Bu 0.62 0.64 213 0.29 0.18 237 0.69 0.53 224
249 Au 0.71 0.65 209 0.23 0.35 232 0.53 0.52
198 Bu 1.10 1.20 168 0.28 0.29 183 0.69 0.44 177
192 Au 1.62 1.25 163 0.08 0.28 175 0.66 0.45
184 Bu 1.21 1.28 140 0.63 0.38 165 1.09 0.48
184 Au 1.23 1.32 133 0.59 0.45 161 0.97 0.48
158 Bu 1.51 1.77 119 0.90 0.48 138 1.30 0.48 137
152 Au 1.84 1.69 116 1.04 0.42 138 1.35 0.43
150 Au 1.76 1.96 90 1.58 0.68 131 2.60 0.77
141 Bu 1.81 1.83 84 1.66 0.63 123 2.27 0.66
112 Au 2.07 1.97 70 1.58 0.61 106 2.18 0.61 114
112 Bu 1.94 1.95 68 1.57 0.67 103 2.13 0.60
103 Bu 2.45 2.38 66 1.82 0.61 96 2.14 0.86 96
102 Au 2.63 2.29 60 2.98 0.67 90 2.35 0.76
88 Bu 2.49 2.73 49 5.08 0.69 89 2.00 0.77 83
78 Au 2.86 2.87 35 5.14 0.74 63 5.60 0.73
57 Au 2.38 2.66 27 7.89 0.76 43 8.72 0.99 59

increases linearly with temperature from 150 to 300K. Above
300 K, it increases superlinearly with temperature. The super-
linear behavior in α has been seen in DFT + QHA (Ref. 21)
calculations in other materials such as MgO (Ref. 25) and Pt.
These materials usually have a temperature Tsu, at which the
superlinear behavior begins, which is far larger than 300 K.
For MgO and Pt, the superlinear behavior has been identified
as an artifact of QHA: it ignores the intrinsic anharmonic-
ity, which causes α to deviate from the experimental value at
Tsu.25, 73 This is likely the cause of the superlinear behavior
in α of β-HMX. The LDA and GGA results on α agree with
experimental data.30, 47 In contrast, α with vdW correction is
far smaller than experimental data. Although vdW correction
dramatically reduces the overestimation of the volume, it thus
significantly deteriorates α.

Pressure has dramatic effects on α of β-HMX at low
pressures. At 0 GPa, β-HMX has α far larger than most non-
molecular crystals. However, with increasing pressure, it be-
comes close to the general value of non-molecular crystals.
As shown in Fig. 3, α value from GGA is very sensitive to
the pressure below 1 GPa and decreases rapidly to 5.4 at 1
GPa. The vibrational contribution to volume decreases from
7.5% at 0 GPa to 2.7% at 1 GPa, where 1.1% is from temper-
ature contribution and the remaining 1.6% is from the zero-
point motion contribution. α from LDA also decreases rapidly
with the pressure. Both LDA and GGA results are consistent
with a high-pressure measurement, which shows unnotice-
able volume expansion at 3 GPa between temperature 30 and
140 ◦C.30 The deterioration of α estimation by vdW correc-
tion occurs only at low pressure, and α with vdW correction
is close to the GGA result above 1 GPa. The GGA and GGA
+ vdW results are almost identical above 4 GPa. The vdW

correction not only deteriorates α but also other thermody-
namic properties such as heat capacity at constant pressure
(CP) as shown in Fig. 4 and listed in Table IV. CP cal-
culated using GGA and LDA agrees well with the experi-
mental data,74, 75 whereas vdW correction decreases CP by
6 J/(mol K−1) at 300 K, worsening the agreement.

Although LDA and GGA calculations produce consistent
α and heat capacity, they have totally different bulk mod-
ulus as shown in Table IV. The table also lists experimen-
tal bulk modulus. There are two different ways to determine
bulk modulus in experiments. One is by fitting the isotherm
P–V curve. isothermal bulk modulus (KT) determined this way
is sensitive to the equation-of-states used and can vary by
as much as 5 GPa using the same data.76 The other way is

FIG. 3. The pressure dependence of the volumetric thermal expansion co-
efficient (α) of β-HMX at 300 K calculated using LDA, GGA, and GGA
+ vdW. The experimental data are from Ref. 47 (solid square).
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TABLE IV. Thermodynamic properties of β-HMX at ambient condition.

α (10−5/K) CP (J/(mol K−1)) CV (J/(mol K−1)) γ th KT (GPa) KS (GPa)

15.7 303.72 288.08 1.14 14.36 15.1 LDA
22.97 298.85 293.31 0.27 1.78 1.81 GGA
5.57 283.24 281.33 0.42 13.17 13.26 GGA + VDW
13–27a 304.58b 8.4–21c 10–12.5d Experiment

aReferences 30 and 47.
bReference 75.
cReferences 30 and 50, and 82.
dReference 49.

directly measuring the sound velocity and hence the adiabatic
bulk modulus (KS) at ambient condition. KT can be derived
further through the relation KS − KT = αKT T ( αKS V

CP
). The

difference between KS and KT is not big because of small KT

and KS. Our calculation shows the difference is smaller than
1 GPa at ambient condition. The bulk modulus using the lat-
ter method agrees better with each other than the first method,
and KS values range from 10 to 12.5 GPa.49 The bulk modulus
from LDA agrees well with these experimental data. In con-
trast, β-HMX described by GGA is too soft, which is largely
improved by vdW correction.

As shown above, GGA is good at describing α and heat
capacity, but fails to describe KT and V correctly. In compar-
ison to GGA, LDA overall describes all the four properties
reasonably. Since the thermal Grüneisen parameter, γth , is de-
termined by these properties through the relation,

γth = αV KT

CV
, (5)

where CV is the heat capacity at constant volume, γth esti-
mated by LDA should be reasonable as well. As shown in
Fig. 5, GGA gives γth far smaller than the LDA value. Al-
though the vdW correction increases γth , it is still not enough
to obtain an accurate γth . γth is a weighted average of the
mode Grüneisen parameter, γi . At low temperature, low-
frequency modes contribute more to γth than high-frequency
modes. As listed in Tables II and III, for low frequency modes,
γi from GGA is significantly smaller than that from LDA.

FIG. 4. Specific heat at constant pressure (CP) of β-HMX at 0 GPa calcu-
lated using LDA, GGA, and GGA + vdW. The experimental data at ambient
pressure are from Ref. 74 (solid circles) and Ref. 75 (crosses).

This explains why γth from GGA is smaller than LDA. It
is evident that GGA considerably underestimates γi . Interest-
ingly, because GGA also underestimates V KT (KT is smaller
than 1/3 of the experimental value, see GGA 300 K in Ta-
ble I) at the same time to cancel out this error, GGA can
still describe α well. In contrast, vdW correction improves
V KT dramatically but increases γi only slightly. As a result,
vdW correction worsens α from GGA. Therefore, in order to
describe correct thermodynamic properties, vdW correction
must significantly increase γi from GGA calculation. Note
that all dispersion coefficients in the empirical vdW method
adopted here are fixed independent of the electron density
distribution. In reality, the local electron density varies from
atom to atom, and this should have effects on dispersion co-
efficients. Although this effect may change the phonon fre-
quency itself only slightly, it may cause a dramatic change in
γi , i.e., the volume dependence of phonon frequency. Some
vdW methods14, 15 incorporating this effect are being devel-
oped, which could in future provide better estimates of all
thermodynamic properties.

It should be noted that lattice vibration has significant
effects on the volume of β-HMX at zero pressure, much
more than in most crystals with ionic, metallic, covalent
bonding.73, 77 The volume expansion from 0 to 300 K is
about 4% and 3% with GGA and LDA, respectively. The
zero-point motion further contributes 3.5% and 1.8% vol-
ume expansion with GGA and LDA, respectively. In all, the

FIG. 5. Thermal Grüneisen parameter (γth ) of β-HMX at 0 GPa calculated
using LDA, GGA, and GGA + vdW.
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vibrational effects increase the volume at 0 GPa by 7.5% and
4.8% with GGA and LDA, respectively. Since experimen-
tal data show that other energetic materials such as RDX,78

TATB,79 PETN,78 and nitrotriazolone (NTO)80 also have sim-
ilarly large α as β-HMX, we expect that the large vibrational
contribution to volume may be common for all these ener-
getic molecular crystals. This is in contrast to most other crys-
tals like MgO, where the vibration contribution to volume
is only 1%–2%. Consequently, for molecular crystals such
as β-HMX, common practice of evaluating the exchange-
correlation functional by comparing static DFT calculation
result with room-temperature experimental data is problem-
atic. LDA is usually not preferred because it significantly un-
derestimates the volume of most of molecular crystals with
static calculation. However, after the vibrational effects are
considered, the discrepancy between the volume predicted
by LDA and experimental value is reduced considerably.
For β-HMX, the volume discrepancy between LDA and ex-
periment decreases from −11% to −6% when vibrational
effects are included (see Table I). Therefore, in contrast to
common belief, LDA is a rather good exchange-correlation
functional for predicting thermodynamic properties of molec-
ular crystals.

IV. CONCLUSION

In conclusion, GGA well describes the thermal expansion
coefficient (α) of β-HMX. This is remarkable given the fact
that GGA dramatically underestimates the bulk modulus (KT).
Phonon calculation indicates that this is because the GGA also
underestimates the mode Grüneisen parameter γi , resulting in
a small thermal Grüneisen parameter (γth). The underestima-
tion in γth and KT cancels each other, and accordingly GGA
predicts α quite well. The empirical vdW correction resolves
the underestimation of KT by GGA but only slightly increases
γth , making α from GGA + vdW too small. When compared
with GGA and GGA + vdW, LDA satisfactorily describes all
thermodynamic properties including α, KT, CP, and γth .

Because molecular crystals like HMX have similar γth

and much smaller KT compared with other types of crys-
tals, αs of molecular crystals are usually several times larger
than αs of non-molecular crystals. Accordingly, the volume
of molecular crystal changes significantly with temperature.
Therefore, for molecular crystals like HMX, it is essential
to consider phonon contributions to volume in evaluating the
exchange-correlation functional. GGA calculations, which al-
ready overestimate the volume of β-HMX by 17% in static
calculation, become worse after including phonon contribu-
tions. In contrast, LDA results become much better after in-
cluding phonon contributions with volume difference at room
temperature of only 6%. Given the fact that LDA can also de-
scribe the thermodynamic properties of β-HMX well, LDA
turns out to be a considerably good exchange-correlation
functional for β-HMX molecular crystal.
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