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We propose an omni-directional multiscale shock technique (OD-MSST) to study the shock waves in

an arbitrary direction of crystalline materials, atomistically based on the molecular dynamics simula-

tion method. Using OD-MSST, we found transitions from elastic to shear-banding to plastic behav-

iors for a model covalent crystal. In addition to such a shock “phase diagram,” a transition from

inter-molecular to intra-molecular mechanochemical reaction pathways was found as a function of

crystallographic orientation in an energetic van der Waals crystal. VC 2016 AIP Publishing LLC.

[http://dx.doi.org/10.1063/1.4942191]

Understanding the propagation of shock waves in solids

is of fundamental importance in many fields of science and

technology,1 including high-velocity impact2 and detonation

of explosives.3 Of particular importance is the anisotropy of

shock response, e.g., to design shock-absorbing heterostruc-

tures4 or to understand the effect of crystallographic orienta-

tions on the sensitivity of energetic crystals.5 A shock-wave

front can be regarded as an interface that separates two dif-

ferent (i.e., unshocked and shocked) phases of material. This

is compounded by various dynamic phase transitions, includ-

ing shock-induced elastic-to-plastic6 and structural7–9 transi-

tions. Nonequilibrium molecular dynamics (NEMD)

simulations have been used extensively to study these shock-

induced transitions at the atomistic level, where Newton’s

equations of motion for interacting atoms are solved on com-

puters.10 In particular, NEMD simulations have been used to

study anisotropic shock.11

Direct NEMD simulations for shock-wave propagation

require large system sizes and computational costs. Reed

et al.12 proposed a multiscale method that combines molecu-

lar dynamics (MD) simulations with the Euler equations for

compressible flow to effectively encompass large time and

length scales. In their multiscale shock technique (MSST),

only a small part of the entire system is explicitly treated

while the MD computational cell follows an equation of

motion that is subject to macroscopic conservation laws of

the mass, momentum, and energy for the shock, thereby

reducing the computational cost significantly. The MSST has

been implemented not only with empirical interatomic

potentials13 but also with quantum mechanical methods.14–17

The MSST has been applied to the study of crystalline an-

isotropy in shock response.18 In the conventional MSST, how-

ever, the shock direction should coincide with one of the three

lattice vectors that span the computational cell. This precludes

continuous scan of the shock direction, and accordingly the

study of shock anisotropy has been limited to a small set of

low-index crystallographic orientations. To enable system-

atic study of shock anisotropy, where the shock direction is

varied continuously, we propose an extended formulation of

MSST, called omni-directional multiscale shock technique

(OD-MSST).

Using OD-MSST, we found elastic-to-shear banding-to-

plastic transitions in a model covalent crystal as the shock

direction changes from [110] to [100]. In addition to these

dynamic phase transitions, OD-MSST can probe orientation-

dependent transitions of chemical reaction pathways.

Specifically, we here report a transition from inter-molecular

to intra-molecular mechanochemical reaction pathways as a

function of the crystallographic orientation in an energetic

van der Waals (vdW) crystal under high pressures and

temperatures.

In MSST, the Lagrangian is defined as

L ¼ 1

2

X
i

mi h _qið Þt h _qið Þ � U hqif g; hð Þ þ Q

2M
_V

2

þ 1

2
MV2

S 1� V

V0

� �2

� P0 V � V0ð Þ; (1)

where mi is the mass of the i-th atom, qi is a vector whose

components are the i-th atom’s scaled coordinates in the

range [0, 1], U is the potential energy, Q is a parameter with

the unit of (mass)2�(length)�4, M ¼
P

i mi is the total mass

of the system, and VS is the speed of the shock wave. The

real coordinates and velocities of the i-th atom are given by

hqi and h _qi, respectively, where h ¼ ðL1L2L3Þ is a matrix

composed of the lattice vectors fLkg of the computational

cell. V ¼ det h is the volume of the computational cell. P0

and V0 ¼ det h0 are the pressure and volume of the

unshocked state, respectively, where h0 corresponds to h in

the unshocked state.

Since the shock is assumed to be planar, a uniaxial strain

is allowed in the shock direction, and h has only one degree
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of freedom. Usually, a rectangular parallelepiped computa-

tional cell is used, and the shock direction is selected to be

parallel to one of the computational-cell lattice vectors.12,14

In this paper, we show that these are not necessary condi-

tions. Namely, the computational cell need not be a rectan-

gular parallelepiped, and it is not necessary for the shock

wave to be parallel to the cell vectors. This relaxation of con-

ditions allows us to investigate the effects of shock direction

systematically, by continuously varying the shock direction

for a single system.

Omni-directional multiscale shock technique: We

assume that the direction of the shock wave is parallel to an

arbitrary vector l1, and two vectors l2 and l3 are perpendicu-

lar to l1. If flkg are given by lk ¼ hnk, where nk is a vector

whose components are integers, a virtual computational cell

with the cell vectors flkg can be defined for the present sys-

tem. Two matrices defined as l ¼ ðl1l2l3Þ and n ¼ ðn1n2n3Þ
are related via

l ¼ hn or h ¼ ln�1: (2)

To apply a uniaxial strain along l1, only the magnitude

of l1 is allowed to change, and l2 and l3 transverse to the

shock direction are kept fixed. In order to achieve these con-

ditions, a dynamical variable c is introduced as

l1 ¼ cl0
1; l2 ¼ l0

2; l3 ¼ l0
3; (3)

where l0
k ¼ h0nk. By inserting Eq. (3) into Eq. (2), we obtain

h as a function of c

h ¼ h0ðacþ bÞ; (4)

where a and b are constant matrices determined by n, i.e., the

shock wave direction. Specifically, aij ¼ ni1n�1
1j ; bij ¼ ni2

n�1
2j þ ni3n�1

3j .

The equations of motion for qi and c are given by

€qi ¼ h�1 Fi

mi
� _hh�1ð Þt þ _hh�1
� �

h _qi

� �
; (5)

€c ¼ M

Qf 2
tr p� P0I � V2

S

M

V0

1� V

V0

� �
I

� 	
X

� �
; (6)

respectively, where X ¼ h0aVh�1 and f ¼ trðXÞ. Fi is the

force acting on the i-th atom, p is the internal stress tensor,

and I is the unit matrix. Note that X does not depend on c.

The proposed OD-MSST is a generalization of MSST for an

arbitrary shock direction. Specifically, the equation of

motion, Eq. (6), along with the parameterization of the shock

direction, Eq. (4), constitute the generalization. When the

shock direction coincides with one of the computational-cell

vectors, the OD-MSST equation of motion becomes identical

to that of MSST. In such cases, the energy and stress of MD

simulations according to Eqs. (5) and (6) have been shown to

obey the Hugoniot relations for a shock wave moving at a

speed VS within a reasonable accuracy.19 When the shock

direction is not aligned with a computational-cell vector, we

have verified the accuracy of OD-MSST as shown in Fig. S1

in the supplementary material.20

Anisotropic shock phase diagram in a covalent crystal:
To demonstrate the use of OD-MSST, we first simulate

shock waves propagating in a model solid described by the

Stillinger-Weber potential parameterized for silicon.21 This

system was used to test the original MSST,12 and is impor-

tant for various applications, including energetic materials.22

We use a 512-atom system in an initial cubic supercell with

a side length of 21.75 Å, which gives a zero-pressure dia-

mond structure with its [100], [010], and [001] directions

along the supercell sides. The equations of motion are solved

using an explicit reversible integrator23 with a time step of

1.2 fs. Simulations are performed for the time duration of 12

ps. First, we consider a shock wave propagating in the [110]

direction. For the cubic supercell, this is achieved by using

the following matrices:

a ¼
1=2 1=2 0

1=2 1=2 0

0 0 0

0
@

1
A; b ¼

1=2 �1=2 0

�1=2 1=2 0

0 0 1

0
@

1
A: (7)

Figure 1 shows the calculated particle (or piston) veloc-

ity VP as a function of the speed VS of a shock wave propa-

gating in the [110] direction. There is a discontinuous

change in VP at VS¼VS*¼ 9.84 km/s, which corresponds to

an elastic-to-plastic transition. The relationship between the

longitudinal pressure and the volume of shock states is

shown in the inset, where the labels A and B correspond to

those in the main plot.

For shock speeds slower or faster than VS*, a single elas-

tic or plastic wave propagates, as shown in Fig. 2(a). In the

double-shock regime between the states labeled A and B in

Fig. 1, on the contrary, a second wave follows the first elastic

wave. By using state A as an unshocked state in MSST simu-

lations, we obtain the second shock speed in the double-

shock regime,12 which is indicated by the open green squares

in Fig. 2(a). The square symbols in Fig. 2(a) indicate plastic

waves, which are accompanied by disordering of atomic

positions as indicated by the right inset of Fig. 2(a).

Next, we investigate a shock wave propagating in the

[100] direction. Figure 2(b) shows that a single elastic wave

exists below a particle velocity of VP� 1.75 km/s. Above

this VP, a second wave follows the faster elastic wave. In

contrast to the [110] direction, we have found that the second

wave is not accompanied by plastic deformation, but rather

propagates with shear deformation on the (111) plane, as

FIG. 1. Particle velocity as a function of the speed of a shock wave propa-

gating in the [110] direction of a model diamond crystal. The inset shows

the pressure-volume shock Hugoniot.
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shown in the right inset of Fig. 2(b). The coordination number

of atoms in this shear wave is 4, the same as in the elastic

wave, while that in the plastic wave in the [110] direction is

5� 6. It is known that shock-induced bond breaking rarely

occurs in the [100] direction of the diamond structure because

internal strain (which favors static displacement of atoms in

the lateral directions) is not induced in [100] compression.24

Our simulation reproduces this difference in shock response.

Similar shear-banding responses have been observed in MD

simulations of shock in silicon25 and germanium26.

To systematically study shock waves between [110] and

[100] directions, OD-MSST simulations are carried out for

[210], [310], and [410] directions. Unlike the original MSST,

which requires a distinct computational cell for each of these

directions,12,19 OD-MSST requires only one computational

cell to be set up, where simply a and b parameters are varied

to study different directions, resulting in vast reduction of

efforts. Figure 3 shows a “phase diagram” for shock waves. In

regions I, II, and III, only a single elastic, shear, and plastic

shock wave propagates, respectively. The striped areas corre-

spond to double-shock regimes, in which a faster (elastic or

shear) wave precedes a slower (shear or plastic) wave. It is

seen that the boundary between regions I and II, i.e., between

elastic and shear waves, depends weakly on the shock wave

direction. On the other hand, the double-shock region between

regions II and III, i.e., between shear and plastic waves,

becomes narrower near [100] direction, and finally, the plastic

wave disappears for [100] direction.

Anisotropic mechanochemistry of a van der Waals
crystal: Next, we apply OD-MSST to the triclinic molecular

crystal of triaminotrinitrobenzene (TATB). TATB is a rather

insensitive aromatic explosive, based on the basic six-carbon

benzene ring structure with three nitro functional groups

(NO2) and three amine (NH2) groups attached, alternating

around the ring. In addition, it belongs to a broad class of

layered molecular crystals that are bonded by inter-layer

vdW interactions.27,28 Within each layer, these crystals are

inter-bonded by a strong hydrogen-bond network as well as

intra-molecular covalent bonds. Interplay between the inter-

layer vdW and intra-layer hydrogen bonds is expected to

dictate anisotropic detonation behaviors of these energetic

vdW crystals.

To study shock-initiated chemical reactions, we perform

quantum molecular dynamics (QMD) simulations, in which

interatomic forces are calculated quantum mechanically.20

The simulated supercell contains 8 TATB molecules (in total

of 192 atoms) and has the lattice parameters, a([100])

¼ 9.013 Å, b([010])¼ 18.417 Å, c([001])¼ 13.624 Å, a
¼ 108.58�, b¼ 91.82�, and c¼ 119.97� (Fig. 4(a)). The lat-

tice parameters are determined such that the axial stresses

(Pxx, Pyy, and Pzz) become zero when performing structural

optimization. Periodic boundary conditions are applied in all

directions. Five OD-MSST simulations are performed, in

which shock waves propagate in the crystallographic [001],

[012], [011], [021], and [010] directions, respectively, with a

shock speed of 10 km/s. Initial temperature is set to 300 K.

The equations of motion are integrated numerically with a

time step of 0.242 fs. Simulations are performed for the time

duration of 1.21 ps. Supplementary movies, S1.mov–S5.mov,

show the atomic trajectories of the OD-MSST simulations in

[001], [012], [011], [021], and [010] directions, respectively.20

Since multiple layers are bonded only by weak vdW

interaction, inter-molecular bonds along the shock direction

perpendicular to the ab plane are very weak. When a shock

is applied along this direction, molecules from neighboring

layers repeatedly collide in an elastic-collision manner as

shown in Fig. S2.20 For [001], [012], and [011] directions,

FIG. 2. Hugoniot relationships between shock speed and particle velocity

for (a) [110] and (b) [100] directions. The circles indicate the shock speed of

an elastic wave. The squares in (a) and (b) denote plastic and shear waves

for the [110] and [100] directions, respectively. The snapshots in the inset

show different shock responses.

FIG. 3. “Phase diagram” for shock waves. In regions I, II, and III, only a sin-

gle elastic, shear, and plastic shock wave propagates, respectively. In the

striped areas, a faster (elastic or shear) wave precedes a slower (shear or

plastic) wave.
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we observe that atoms from neighboring layers (that are

positioned on top of each other along these directions) col-

lide with each other repeatedly. Figures 4(b), 4(c), and 4(d)

show snapshots of part of atomic configurations in [001],

[012], and [011] direction shocks, respectively. Shortening

of atomic distances between N–N, C–N, and C–C is

observed at 121, 126, and 177 fs as shown in Figs. 4(b), 4(c),

and 4(d), respectively. Although anti-bonding states are

formed at these times, they become stable bonding states af-

ter several repeated collisions, accompanied by the breakage

of originally bonded atoms. For example, the distances

between C atoms in benzene rings and N atoms in amine

groups become shorter in [012] shock. After N atoms make

contacts with C atoms at 126 fs as shown in Fig. 4(c), H

atoms associated with them are released. Electrons from the

N atoms, which form bonds with the H atoms, are subse-

quently involved in the formation of bonds with C atoms.

Meanwhile, each C atom in the benzene rings can form one

more bond because the coordination number is 3 at 0 ps.

Consequently, C-N bonds are easily formed in [012] shock.

Similar mechanisms apply for bond formation in [001] and

[011] shocks. Thus, shock-induced chemical reactions are

initiated at these inter-molecular contacts, and the type of

easily formed bonds is strongly affected by the shock direc-

tion for [001], [012], and [011] directions.

Shocks in [021] and [010] directions exhibit different de-

formation behaviors from those in the above three directions.

Figures 4(e) and 4(f) show snapshots of part of the atomic con-

figurations in [021] and [010] shocks, respectively. The angles

of [021] and [010] directions from [010] are 21.64 and 0.00

degrees, respectively, which is much smaller than those in the

above three directions. Accordingly, shock strength for the

direction perpendicular to the ab plane is very weak, and thus

deformation is dictated by the strong hydrogen-bond network

in the ab plane. In these two directions, intra-layer collisions

occur at 177 fs as shown in Figs. 4(e) and 4(f). The crystal

structures, however, are not broken immediately. Instead, each

molecule decomposes at 281 fs due to high accumulated strain

arising from shock compression. In these directions, bond for-

mation is governed by electronegativity (see later).

As shown in Fig. 5 and Fig. S3,20 in [021] and [010]

shocks, almost the same types of heteroatomic bonds (i.e.,

C–N and C–O) are mainly formed, which is understandable

according to the electronegativity. In addition, an appreci-

able increase is observed only in the number of N–N bonds

among homoatomic bonds in [021] and [010] shocks. This is

because two N atoms from nitro- and amino-groups form a

bond, since an O atom in the nitro-group extracts H atoms in

the amino-group. On the other hand, in [001], [012], and

[011] shocks, massive numbers of N-N, C-N, and C-C bonds

are formed (Fig. 5). As mentioned earlier, this reflects geo-

metrical arrangements of atomic positions during repeated

inter-layer collisions. The profiles of the numbers of the

bonds for the three directions differ considerably from those

in [021] and [010] directions.

In summary, we have proposed OD-MSST to study shock

waves in arbitrary crystallographic orientations, and demon-

strated its applicability to systematic study of the orientational

dependence of shock-induced phenomena. We found

orientation-dependent elastic-to-shear banding-to-plastic tran-

sitions for a model covalent crystal and an inter-layer to intra-

layer mechanochemical transition in an energetic vdW crystal.

We acknowledge the Supercomputer Center, Institute

for Solid State Physics, University of Tokyo and the

Research Institute for Information Technology, Kyushu

University for the use of their facilities. The work at USC is

partly supported by DTRA, Grant No. HDTRA1-14-1-0074.

FIG. 4. (a) Initial atomic configuration in a 1� 2� 2 supercell of triclinic

TATB crystal. White, cyan, blue, and red spheres represent hydrogen, car-

bon, nitrogen, and oxygen atoms, respectively. (b)–(f) Anisotropic reaction

dynamics shown by snapshots of part of the atomic configuration in [001]

(b), [012] (c), [011] (d), [021] (e), and [010] (f) shocks. The angles from

[010] direction are 108.58, 69.35, 42.53, 21.67, and 0 degrees for [001],

[012], [011], [021], and [010] directions, respectively.

FIG. 5. The numbers of C–C, C–N, and N–N bonds at 1.21 ps in [001],

[012], [011], [021], and [010] shock directions.
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